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The phonon spectra of �, �, and � Ti were studied using the supercell approach. The lattice vibrational
energy was calculated in the quasiharmonic approximation using both first-principles phonon density of state
and Debye model. The thermal electronic contribution to the free energy was evaluated from the integration
over the electronic density of states. The Helmholtz energy was thus obtained by combining them with the 0
K total energy calculated within the framework of all-electron projector-augmented-wave method. The ther-
modynamic properties of � and � Ti calculated by phonon and Debye model are very close to each other. The
predicted enthalpy, entropy, bulk modulus, thermal expansion coefficient and heat capacity of � are in good
agreement with experiments. By comparing with the experimental enthalpy of �, we found that the 0 K total
energy calculated from bcc Ti is incorrect. This problem can be solved by shifting the total energy of � down
by 8 kJ mol−1 to match the experimental value. With the Gibbs energy calculated from the Debye model as a
function of pressure and temperature, the phase transformation conditions of �→�, �→�, and �→� were
identified. The predicted transition temperature between � and � at ambient pressure and the triple point are
close to experiments. It was found that the entropy plays an important role in the �→� and �→� transitions,
and the thermal electronic contribution to the Gibbs energy cannot be neglected for studying the �→�
transition. Our calculations also showed that zero-point energy is crucial to predict the transition pressure of Ti
at low temperatures.
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I. INTRODUCTION

In the past decade, Ti has attracted tremendous interests
due to its technological and scientific importance. It has been
widely studied both experimentally and theoretically. There
are five solid phases of Ti reported in the literature: � �hcp�,
� �bcc�, � �hexagonal�, � �distorted hcp�, and � �distorted
bcc�.1–4 � and � are two recently discovered high-pressure
phases.2,3 Extensive experimental studies of the pressure-
induced phase transition �→� show a large hysteresis. At
room temperature, the accepted equilibrium transition pres-
sure of 2.0�0.3 GPa was estimated from measurements of
shear stressed samples because the shear reduces the
hysteresis.5 At ambient pressure, with increasing tempera-
ture, � transforms to the high-temperature phase � at 1155
K.6 The transitional temperature decreases as the pressure
increases, stabilizing the high-temperature � phase.

First-principles calculations have also been widely used to
understand the phase stability of Ti.7–16 In our recent work,14

we have further clarified the 0 K phase transition sequence of
Ti as �→�→�→�. Among these studies, most of them are
focused on the 0 K phase stability. Only a few have studied
the temperature effect on the phase transitions. Rudin et al.13

investigated the temperature and pressure dependence of �
→� transition using a tight-binding model based on first-
principles calculations, while Hao et al.7 explored the same
problem using the Debye model. However, the complete
pressure-temperature �P-T� phase diagram of Ti has not been
well studied due to the well-known unstable phonon modes
of the � phase at low temperatures.17 Ostanin and Trubitsin15

first worked on the P-T phase diagram of �, �, and � Ti
using the Debye model. The fitting parameters of the � phase
used in the Debye model, however, was obtained without

detailed justifications.15 Recently, Hennig et al.16 studied the
P-T phase diagram of Ti using molecular-dynamics simula-
tions based on modified embedded atom potential. Their pre-
diction that the transition temperature between � and � is
nearly independent of the pressure does not agree with the
experimental results.6

In this paper, utilizing the quasiharmonic approximation,
we predicted the thermodynamics properties of � and � Ti
from the first-principles phonon density of state �DOS�. The
Debye model was explored in calculating the lattice vibra-
tional energy and predicting the complete P-T phase diagram
of �, �, and � Ti. The � phase is not included in the present
study of the P-T phase diagram due to its extremely narrow
stable range at high pressures.14

The rest of the paper is organized as follow. The theory of
Helmholtz energy calculation in the quasiharmonic approxi-
mation is briefly introduced in Sec. II. The computational
details of first-principles and phonon spectra calculations are
described in Sec. III. The predictions of the thermodynamic
properties and P-T phase diagram of Ti are discussed in Sec.
IV. Finally, we give a summary of this work in Sec. V.

II. THEORY

The Helmholtz energy F at volume V and temperature T
can be approximated as18,19

F�V,T� = E�V� + Fvib�V,T� + Fele�V,T� , �1�

where E is the 0 K total energy, Fvib the vibrational energy of
the lattice ions, and Fele the thermal electronic contribution
to the free energy.

Under quasiharmonic approximation, Fvib can be calcu-
lated from phonon DOS by20
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Fvib�V,T� = kBT�
0

�

ln�2 sinh� 	�

2kBT
��g��,V�d� , �2�

where � represents the phonon frequency, and g�� ,V� the
phonon DOS at frequency � and volume V. For mechani-
cally unstable phases, however, Fvib cannot be evaluated us-
ing Eq. �2� due to the imaginary phonon frequencies. Instead,
it can be estimated from the empirical Debye model21

Fvib�V,T� =
9

8
kB
D + kBT�3 ln�1 − exp�−


D

T
	�

− D�−

D

T
	� �3�

where 9
8kB
D is zero-point energy due to lattice ion vibration

at 0 K, and D�
D /T� the Debye function given by D�x�
=3 /x3
0

xt3 / �exp�t�−1�dt. It is crucial to obtain the Debye
temperature 
D in order to evaluate Eq. �3�. Based on
Debye-Grüneisen approximation, 
D can be described as21


D = sAV0
1/6�B0

M
	1/2�V0

V
	�

�4�

where s is a scaling factor with s=0.617 obtained by
Moruzzi et al.21 for nonmagnetic cubic metals, A a constant,
V0 the equilibrium volume, B0 the equilibrium bulk modulus,
M the atomic mass, and � the Grüneisen constant.

Fele is obtained from the energy and entropy contribu-
tions, i.e., Eele-TSele.

18 The electronic entropy Sele takes the
form18

Sele�V,T� = − kB� n��,V��f ln f + �1 − f�ln�1 − f��d� ,

�5�

where n��� is the electronic DOS with f being the Fermi-
Dirac distribution. The energy Eele due to the electron exci-
tations can be expressed as18

TABLE I. Equilibrium properties of Ti phases.

Phase Reference
Temperature

�K� c /a
V0

�Å3 /atom�
B0

�GPa� B0�

� This work 0 1.583 17.39 111.4 3.5

This worka 300 1.583 17.54 106.5 3.5

Expt. �Ref. 29� 300 1.586 17.64 114.0�3.0 4.0

Expt. �Ref. 30� 300 1.583 17.70�0.05 117.0�9.0 3.9�0.4

Expt. �Ref. 2� 300 1.585 17.74 102.0 3.9

Expt. �Ref. 31� 300 109.0 3.4

� This work 0 0.618 17.16 111.5 3.5

This worka 300 0.618 17.30 106.7 3.5

Expt. �Ref. 29� 300 0.613 17.29 107.0�3.0 4.0

Expt. �Ref. 3� 300 0.608 17.37 123.1�4.7 3.2�1.2

Expt. �Ref. 2� 300 0.614 17.37 142.0 3.9

Expt. �Ref. 30� 300 0.609 17.40�0.08 138.0�10.0 3.8�0.5

� This work 0 1.000 17.24 106.3 3.3

This workb 1270 1.000 18.13 94.4 3.3

Expt. �Ref. 4� 1273 1.000 18.13 87.7

Expt. �Ref. 17� 1293 1.000 18.22 118

aCalculated using phonon DOS.
bCalculated using Debye model.

FIG. 1. �Color online� Zero kelvin total energy �E� of �, �, and
� Ti as a function of volume per atom. Open symbols are direct
calculation results by VASP. Solid lines are fitted E-V curves accord-
ing to the third-order Burch-Murnaghan EOS.
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Eele�V,T� =� n��,V�f�d� − �
0

�F

n��,V��d� , �6�

where �F is the Fermi energy.

III. COMPUTATIONAL DETAILS

Density-functional calculations within the generalized
gradient approximation �GGA�, as implemented in Vienna ab
initio simulation package �VASP�,22,23 were utilized in this
study. Perdew-Burke-Ernzerhof GGA �Ref. 24� for the
exchange-correlation potential was used for all calculations.
The all-electron projector-augmented-wave method25 was
adopted. Dense k-point samplings in the first Brillouin zone
were utilized, i.e., 36�36�32 for �, 32�32�32 for �, and
24�24�32 for �. Accurate total energy calculations were
performed by means of the linear tetrahedron method with
Blöchl’s correction.26 In all cases the total energies were con-
verged to 10−8 eV /cell with a 500 eV plane wave cutoff
energy.

Phonon frequency calculations were carried out in the
framework of the supercell approach using small displace-
ment method as implemented in the FROPHO code.27 To
maintain the high accuracy indicated above we used 3�3
�3 supercells for �, 4�4�4 for �, and 3�3�3 for �,
respectively. The forces induced by small displacements
were calculated using VASP.

IV. RESULTS AND DISCUSSIONS

A. Atomic structure and static energy

We calculated the total energy �E� of �, �, and � Ti at 15
different volumes �V�, which are fitted by the third-order
Birch-Murnaghan equation14,28 to obtain the 0 K equilibrium
properties. Figure 1 shows the calculated total energy for �,
�, and � Ti as a function of volume per atom. As indicated in
Fig. 1, the � phase has the lowest total energy at 0 K. The
calculated equilibrium properties c /a ratio, atomic volume
�V0�, isothermal bulk modulus �B0�, and first derivative of
bulk modulus with respect to pressure �B0�� at 0 K are shown
in Table I together with the predicted equilibrium properties
at finite temperatures. The calculated c /a ratios of � and �
agree very well with experiments.2,29–31 The predicted equi-
librium volumes at 0 K are smaller than the experimental
data2,29,30 measured at finite temperatures. After considering
the temperature effect, the calculated atomic volumes of �
and � at 300 K and � at 1270 K agree much better with
experiments.2,29,30 The bulk modulus is calculated according
to the formula B0=V0� �2F

�V2 �V0
, and compares well with experi-

mental data.2,29–31

B. Phonon dispersion

In Fig. 2, we show the calculated phonon dispersion
curves and phonon DOS of �, �, and � Ti at experimental
volumes, i.e., 17.64 Å3 /atom at 298 K,29 18.22 Å3 /atom at
1300 K,17 and 17.37 Å3 /atom at 298 K,2 respectively. We
compared the phonon dispersion results of � with the inelas-
tic neutron-scattering measurement by Stassis et al.32 The

agreement looks better than other theoretical predictions,16,33

which can be due to our more accurate force calculations. At
the K point, the calculated optical frequencies show the larg-
est deviations from experiment, which also appears in others’
calculations.16,33 For high-pressure � phase, there is no ex-
perimental phonon data to compare yet. The high-
temperature � phase is mechanically unstable at low tem-
peratures and shows soft modes in the experimental data for

(b)

(a)

(c)

FIG. 2. �Color online� Phonon dispersion curves of �, �, and �
Ti are plotted as solid lines using experimental volumes
17.64 Å3 /atom at 298 K �Ref. 29�, 18.22 Å3 /atom at 1300 K �Ref.
2�, and 17.37 Å3 /atom at 298 K �Ref. 17�, respectively. The calcu-
lated phonon results of � Ti are compared with the experimental
data measured by Stassis et al. �Ref. 32� �open circles�.
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the L− 2
3 �111� and T− 1

2 �110� phonons.17 The predicted 0 K
phonon results reflect this instability showing these unstable
phonon branches. L− 2

3 �111� is responsible for the �→�
phase transformation, while T− 1

2 �110� corresponds to the
�→� phase transformation.17 Based on the calculated pho-
non DOS, the Debye temperature can be estimated.34 The
Debye temperature of � is predicted to be 359 K, which
agrees very well with the high-temperature limit of Debye
temperature 360 K estimated by Petry et al.17 For the �
phase, the Debye temperature is predicted to be 383 K.

C. Thermodynamic properties

Using the quasiharmonic approximation, we calculated
the enthalpy �H�, entropy �S�, bulk modulus �B�, linear ther-
mal expansion coefficient ��l�, and heat capacity at constant
pressure �CP� of � and � using both phonon DOS and Debye
model. As shown in Figs. 3 and 4, the enthalpy and entropy
calculated by phonon DOS are almost identical to those ob-
tained using the Debye model for both � and � phases. The
predicted enthalpy and entropy of � are in good agreement
with the experimental data from NIST-JANAF.35 The enthalpy
difference of � is within 5.6% at 1100 K, while the entropy

difference of � is within 2.4% at 1100 K. Figure 5 shows the
bulk modulus of � and � as a function of temperature to-
gether with experimental data.4,36 For both � and �, the bulk
modulus calculated by Debye model are higher than those by
phonon DOS, and the difference becomes larger at higher
temperature. The experimental data of � lie between those
predicted by phonon DOS and Debye model. The calculated
bulk modulus of � by Debye model is higher than that of Ogi
et al.4 by 4.5% at 1100 K. The linear thermal expansion
coefficient can be evaluated by 1

3V � �V
�T �P. Figure 6 shows the

calculated linear thermal expansion coefficient of � and � as
a function of temperature together with the experimental data
assessed by Touloukian et al.37 The linear thermal expansion
coefficients calculated by phonon DOS and Debye model are
very close with each other. The calculated results agree well
with the experimental data, with difference within 4.9% at
1155 K. The heat capacity at constant volume CV can be
directly calculated by T� �S

�T �V, while CP can be evaluated us-
ing the thermodynamic relationship between CV and CP such
as CP−CV= �3�l�2VBT. As shown in Fig. 7, the calculated CP
using phonon DOS and Debye model are very close to each
other for both � and � phases. The predicted CP of � are in
good agreement with the experimental data35,38–40 below 200

(b)

(a)

FIG. 3. �Color online� Enthalpy �H� of � and � Ti as a function
of temperature. The calculated results using phonon DOS and De-
bye model are plotted as solid and dashed lines, respectively. The
experimental data from NIST-JANAF �Ref. 35� are plotted as open
circles.

(b)

(a)

FIG. 4. �Color online� Entropy �S� of � and � Ti as a function of
temperature. The calculated results using phonon DOS and Debye
model are plotted as solid and dashed lines, respectively. The ex-
perimental data from NIST-JANAF �Ref. 35� are plotted as open
circles.
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K. Above 200 K, our results are smaller than experiments by
Chase35 and Bendick and Pepperhoff.39 Comparing with the
results obtained from phonon, we found that the Debye
model is a quite reliable method to investigate the thermo-
dynamic properties of Ti phases.

As mentioned above, the phonon modes of � have imagi-
nary frequencies, which prevent us from calculating the free
energy using the phonon results directly. As an alternative
approach, the thermodynamic properties of � can be studied
by the Debye model. As shown in Fig. 8, the predicted en-
tropy agrees with experiment very well. The calculated en-
tropies are within the experiment by 1.8%. For the enthalpy,
our predicted results are shifted about 8 kJ mol−1 above
those from NIST-JANAF.35 These energy differences come
from the incorrect 0 K total energy of � calculated, which
can be attributed to the oversimplified structure chosen for 0
K total-energy calculations.41 We notice that by shifting the
predicted enthalpy down by about 8 kJ mol−1, the calculated
enthalpy would be in a perfect agreement with experiment
�see Fig. 9�. The correct 0 K total energy of � might be
obtained by direct ab initio molecular dynamics �AIMD�
simulations, as recently demonstrated by Ozolins42 who uti-
lized this approach to predict the free energy of the unstable
fcc W phase. Instead of applying the AIMD approach, we

simply adjusted the 0 K total energy of � to tackle the prob-
lem in this work. As shown in the next section, the predicted
P-T phase diagram of Ti agrees quite well with experiment,
which further confirms our approach is feasible.

D. P-T phase diagram

The Gibbs energy �G� can be evaluated according to the
formula, G�T , P�=F�T ,V�+ PV. Figure 10 shows the Gibbs
energy of �, � and � Ti as a function of temperature at
different pressures, i.e., 0 GPa, 5 GPa, 11.1 GPa and 20 GPa.
For P=0 GPa, the � phase has the lowest Gibbs energy for
the range of 0
T
186 K; from 186 to 1114 K, the � phase
is preferred, while at T�1114 K the � phase becomes
stable. At P=11.1 GPa, the three phases has the same Gibbs
energy at T=821 K, which corresponds to a triple point of
the P-T phase diagram. For P=20 GPa, the � phase has
higher Gibbs energy than the � and � phases at all tempera-
tures, and � thus transforms to � without the formation of �.
Comparison of the Gibbs energies as a function of pressure
and temperature allows us to identify the phase transforma-
tion conditions. A similar approach has been used by Wang et
al.43 to predict the T-V phase diagram of Ce successfully.

(b)

(a)

FIG. 5. �Color online� Bulk modulus �B� of � and � Ti as a
function of temperature. The calculated results using phonon DOS
and Debye model are plotted as solid and dashed lines, respectively.
The experimental data �Refs. 4 and 36� are plotted as open symbols.

(b)

(a)

FIG. 6. �Color online� Linear thermal expansion coefficient ��l�
of � and � Ti as a function of temperature. The calculated results
using phonon DOS and Debye model are plotted as solid and
dashed lines, respectively. The experimental data �Refs. 4 and 36�
are plotted as open circles.
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Figure 11 shows the predicted P-T phase diagram of Ti to-
gether with the experimental data.6 The calculated �→�
transition temperature at ambient pressure is 1114 K. It com-
pares well with the experimental value of 1155 K. The pre-
dicted transition pressure between � and � at room tempera-
ture is 1.8 GPa, close to the experimental transition pressure
2.0�0.3 GPa.5 We also predicted a triple point �11.1 GPa,
821 K� which is also close to the experimental data �9 GPa,
940 K�.6

To further understand the factors leading to the �→� and
�→� transitions at zero pressure, we compared the Enthalpy
and entropy differences of Ti phases as a function of tem-
perature with respect to �, with and without the thermal elec-
tronic contribution �see Fig. 12�. As we can see in Fig. 12,
the enthalpy of � is lower than that of � at all temperatures,
while the enthalpy of � is always higher than that of �. As
for entropy, � has lower entropy than that of � at all tem-
peratures, while � always has higher entropy than that of �.
Since G equals to H-TS, � becomes more and more unstable
compared with � with increasing temperatures, while � be-
comes more and more stable with respect to � as temperature
increases. It is the change in entropy that makes the �→�
and �→� transitions occur at temperatures 186 and 1114 K,
respectively. We also notice that the thermal electronic con-

tribution to both enthalpy and entropy becomes more and
more important at high temperatures for the � phase. At the
1114 K, the electronic entropy accounts for 24% of the en-
tropy change at the �→� transition, which is close to the
experimental value 30%.17

Zero-point energy can have a profound influence on the
phase transition pressure at low temperatures.44 In our previ-
ous work we predicted that 0 K transition pressure of �
→� to be −3.7 GPa.14 After considering the zero-point en-
ergy, we noticed that the corresponding transition pressure
increases to −1.5 GPa. For the metastable phase transitions
�→� and �→�, the transition pressures at 0 K decrease to
54.2 and 95.9 GPa, respectively, compared to the predicted
transition pressures of 63.7 and 106.0 GPa without consider-
ing the zero-point energy.14 Hence, zero-point energy cannot
be neglected in predicting the transition pressures of Ti at
low temperatures.

(b)

(a)

FIG. 7. �Color online� Heat capacity �CP� of � and � Ti as a
function of temperature. The calculated results using phonon DOS
and Debye model are plotted as solid and dashed lines, respectively.
The experimental data �Refs. 35 and 38–40� are plotted as open
symbols.

FIG. 8. �Color online� Entropy of � Ti as a function of tempera-
ture, with the experimental values from NIST-JANAF �Ref. 35� super-
imposed �open circles�.

FIG. 9. �Color online� Enthalpy of � Ti as a function of tem-
perature, with the experimental values from NIST-JANAF �Ref. 35�
superimposed �open circles�. The calculated enthalpies are shifted
down by 8.0 kJ mol−1 to match the experimental data from NIST-

JANAF �Ref. 35�.
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V. SUMMARY

We studied the phonon spectra of �, �, and � Ti using the
supercell approach. The lattice vibrational energy Fvib was
calculated based on quasiharmonic approximation from both
the first-principles phonon DOS and Debye model. The ther-
modynamic properties of � and � Ti were investigated using
both the phonon and Debye model. It was found that the

(b)(a)

(c) (d)

FIG. 10. �Color online� Temperature dependences of the Gibbs energy difference ��G� of Ti phases with respect to � at different
pressures, i.e., 0, 5, 11.1, and 20 GPa.

FIG. 11. �Color online� P-T phase diagram of Ti. The dashed
lines connect the experimental data points are given by Young �Ref.
6�; the solid lines show our predicted �→�, �→�, and �→�
transition boundaries.

FIG. 12. �Color online� Enthalpy ��H� and entropy differences
��S� of Ti phases as a function of temperature with respect to � at
ambient pressure. �H and �S differences, with and without the
thermal electronic contribution, are plotted as lines and open sym-
bols, respectively.
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Debye model can well reproduce the results obtained from
phonon DOS. Our predictions show that the calculated ther-
modynamic properties of � are in good agreement with the
experiment data, except that the calculated heat capacities
are somewhat higher than those of experiment at high tem-
peratures. By comparing the calculated enthalpy of � with
experiment, we found that the 0 K total energy of � calcu-
lated from simple bcc structure is too high. Shifting the total
energy down by about 8 kJ mol−1 gives a perfect agreement
of enthalpy between calculations and experiments. Based on
the Gibbs energy evaluated from the Debye model as a func-
tion of pressure and temperature, we predicted the P-T phase
diagram of �, �, and � Ti. The calculated phase transition
temperature between � and � at ambient pressure is 1114 K,
comparing well with the experimental data of 1155 K. We
also predicted a triple point �11.1 GPa, 821 K�, which is
close to the experimental data �9 GPa, 940 K�. Our study
showed that the entropy plays an important role in the �

→� and �→� transitions, and the thermal electronic con-
tribution to the �→� transition cannot be neglected. Our
calculations also indicated that zero-point energy is impor-
tant in predicting the transition pressure of the Ti phases at
low temperatures.
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